The purpose of this work is to shed light on an algorithm designed to extract effective macroscopic models from detailed microscopic simulations. The particular algorithm we study is a recently developed transfer operator approach due to Schütte et al. [20] . The investigations involve the formulation, and subsequent numerical study, of a class of model problems. The model problems are ordinary differential equations constructed to have the property that, when projected onto a low-dimensional subspace, the dynamics is approximately that of a stochastic differential equation exhibiting a finite-state-space Markov chain structure. The numerical studies show that the transfer operator approach can accurately extract finite-state Markov chain behavior embedded within high-dimensional ordinary differential equations. In so doing the studies lend considerable weight to existing applications of the algorithm to the complex systems arising in applications such as molecular dynamics. The algorithm is predicated on the assumption of Markovian input data; further numerical studies probe the role of memory effects. Although preliminary, these studies of memory indicate interesting avenues for further development of the transfer operator methodology.
Introduction
Recently there have been significant advances in algorithms designed to extract effective macroscopic dynamics from detailed microscopic simulations [4, 20, 22] . They are based on the exploitation of spectral information from transfer operators that describe the overall dynamics of the system under consideration. The purpose of this work is to develop our understanding of these transfer-operator-based algorithms through the study of carefully chosen model problems.
The algorithms we study are used in the following situation. We are given a sequence {x n }, x n ∈ X , which is derived either from a deterministic problem (possibly with random data) or a stochastic problem. Here and below, the index n ∈ Z + . We assume that the effective dynamics of this sequence is given by statistically rare flips between a small number of metastable sets in phase space, while between the flips the sequence remains inside one of these metastable sets. Hence it is natural to try to represent the effective dynamics by a finite-state Markov chain that describes the flipping behavior between the metastable sets. This Markov chain will be called the flipping chain.
The aim is to find a projection onto a low-dimensional subspace of X such that the sequence {q n } := { x n } ⊂ exhibits metastable sets and an associated finite-state flipping chain that approximates the macroscopic dynamics of {x n }. If this is achieved, then is the projection onto a set of essential degrees of freedom of the system given by {x n }. When the sequence {x n } = {x τ n } comes from a time-τ sampling of some continuous-time process, it is desirable that the effective dynamics be captured in the low-dimensional subspace for all time-τ samplings. By introducing a family of model problems whose noise has memory with inverse correlation time scaling like a parameter α, we study this issue: We show examples where the approximation is good for sampling rate τ long compared to α . In such a situation the effective dynamics is not properly captured, and further development of the transfer operator approach is called for.
Key Questions
The transfer operator approach to metastability has recently been developed as a mechanism for extracting macroscopic conformational information about molecules, starting from microscopic molecular dynamics data [5, 20] . The methodology employed to do this builds on related ideas developed for understanding deterministic dynamical systems [4] . Because the real molecular systems for which this approach has been applied are so complicated, a thorough understanding of some of the algorithmic issues that arise is difficult to achieve in that context. The goal of this work is to develop simple model problems and use them to study such algorithmic issues, especially the following questions: (Q1) How should the low-dimensional subspace , or equivalently the projection , be identified? (Q2) Do the metastable sets and finite-state-space flipping chain corresponding to {q n } accurately represent the macroscopic dynamics of the {x n }? (Q3) In general, {q n } is not a Markov chain. What effect does memory have on the ability of the algorithm to correctly summarize the effective dynamics of {x n }? (Q4) In situations where memory has a significant detrimental effect on the predictive capabilities of the algorithm, how can the algorithm be improved?
Our Approach
The algorithmic approach to the identification of metastability [20] shows that metastable sets can be characterized by the dominant spectra of an appropriately defined transfer operator: The dominant eigenvectors exhibit significant jumps at the boundary of the metastable sets but vary slowly within metastable sets. Thus the principal algorithmic idea relating to question (Q1) is that the essential degrees of freedom (locally) are characterized by projections in directions in which the dominant eigenvectors exhibit significant jumps. Conversely, the nonessential degrees of freedom are characterized as directions in which the dominant eigenvectors are almost constant. This allows a construction of the projection after identifying such directions. We will demonstrate that the simple model problems to be designed herein justify this construction of . We emphasize, however, that the dimension of X may sometimes be so high as to make the transfer operator approach to the identification of computationally infeasible if naively applied directly in X ; this issue can be ameliorated to some extent by the use of adaptive algorithms such as those in [4, 8] , but for many problems in high dimensions, combining the transfer operator approach with simpler clustering approaches and/or mathematical modeling, such as the exploitation of fast/slow time-scale separation, may be needed to identify .
In order to study question (Q2) we will assume that is known and examine the algorithmic approach of [20] when applied in . We consider problems where a low-dimensional embedded Markov chain is known to exist. Specifically, we will study problems where X is of high dimension and the dynamics in is approximately that of an Itô stochastic differential equation (SDE) in R. Furthermore, we will assume that this SDE is of the type studied in [10] so that its dynamics may be approximated by a finite-state Markov chain by using large-deviation theory. The behavior of this Markov chain can then be compared with the flipping chain constructed algorithmically by the transfer operator approach.
Although examples may be found where elimination of many variables leads to an SDE in the remaining variables [9, 25] , it is often the case that in this socalled Mori-Zwanzig approach, memory terms remain after the elimination [3] . To study question (Q3), we introduce model problems where the dynamics in have significant memory; specifically, we have in approximately the dynamics of a single component of an SDE in R
2
. As we will see, there may be no Markov chain in that mimics the dynamics in , but nevertheless the metastable sets predicted from studying the data in do contain accurate information about the effective dynamics. However, the predictive capability may be compromised when memory is significant, and our experiments suggest interesting avenues for further development of the transfer operator methodology.
Model Problems
The systems we study are constructed from the flow of a deterministic ordinary differential equation (ODE) τ : X → X on a state space X , which is assumed to be decomposed according to X = × Z , for instance,
. In this paper we concentrate on situations where the dynamics in Z evolve independently of those in ; specifically, the dynamics in Z will be the solution of linear autonomous ODEs, namely harmonic oscillators. These will feed in as forcing for the dynamics in . In a subsequent paper we will study problems with full coupling between the and Z dynamics; in particular, we will study problems of Hamiltonian type. Based on the ODE related to τ , we distinguish four model systems to be defined in (1.1) to (1.4).
The Markovian model systems arise from sequences written in the form {x n } = {(q n , z n )} n∈Z + and given by
where {ξ n } n∈Z + is some i.i.d. sequence of random variables. Depending on the particular choice of {ξ n }, we may generate different models. Embedded within the sequence {x n } is the reduced Markov chain for {q n } n∈Z + given by
where : X → denotes the projection onto defined by (q, z) = q. For the non-Markovian model systems we consider a family of flows t parameterized by ζ so that t (x) = t (x; ζ ). We define the process {x(t)} = {(q(t), z(t))} t∈R + given by
where ξ and ζ are random variables. Embedded within this is the reduced process for {q(t)} t∈R + given by
The process (1.4) is not Markovian. It may, however, weakly approximate a Markov process for certain choices of the pair of random variables {ξ, ζ }. In algorithmic practice we sample {q(t)} t∈R + at discrete time intervals to obtain a sequence {q n } n∈Z + with q n = q(nτ ); this sampled process is not Markovian but may weakly approximate a Markov chain. The Markovian construction (1.2) is of interest in molecular dynamics because it avoids the numerical simulation of long-term trajectories and the troublesome question of the sense in which such simulations are accurate. This Markovian reformulation of molecular dynamics was introduced in [19] . In (1.2) the maximal time interval is τ ; however, there are situations where it is of interest to apply the transfer operator methodology to single long-term trajectories of a dynamical system; in this context, the non-Markovian construction (1.4) is of interest.
Reformulation of Key Questions
For both reduced model dynamics (1.2) and (1.4) we will consider situations where the sequence {q n } is approximately governed by sampling an SDE in time. The approximation will be controlled by the dimension of Z , improving as the dimension grows. The first three key questions can now be reformulated as follows:
(Q1) Based on observation of the full system processes (1.1) and (1.3), how can the reduced system be identified? Can identification by means of the transfer operator be justified for suitable model problems? (Q2) How well do the metastable subsets and the flipping chains, calculated from the reduced systems (1.2) or (1.4), agree with the dynamics of the SDE that approximates the projected dynamics x n from (1.1) or (1.3) in ? (Q3) Assume that an SDE approximates the reduced dynamics from (1.1) or (1.3) on some state spaceˆ , but the projection maps onto a lowerdimensional subspace ⊂ˆ . In this situation there is memory in x n , and it will not be close to Markovian in general. Which quantities are nonetheless accurately predicted by the algorithm, and which are not?
When studying (Q1) in the manner outlined above, we are considering application of the transfer operator approach to the dynamics in X and the determination of . In practice, when X is of very high dimension, this may not be feasible, and simpler identification strategies of may be required. Hence, when addressing (Q2) in the manner described above, we assume that is known and consider application of the transfer operator approach to the dynamics in . We will not address question (Q4) in this paper, but leave it as a subject for future development; however, our analysis of question (Q3) suggests directions for this development.
Outline
In Section 2 we overview the basic algorithmic approach to macromolecular dynamics introduced in [20] . Simultaneously we establish the notation used throughout the paper. In Section 3 we describe the model problems of interest here. Sections 4, 5, and 6 contain our studies of questions (Q1), (Q2), and (Q3), respectively, using these model problems. Section 7 contains our conclusions, together with directions for further study.
Background
The extraction algorithm that we study here is built on the analysis of certain spectral problems arising in Markov chains. Hence we spend some time setting up the necessary background and notation.
Operators
We are given a discrete-time Markov chain {x n } on the state space X via its transition kernel p = p(x, dy) with
We define the transfer operator T , acting on bounded measurable functions u :
Thus (T u)(x) is the expected value of u after one step of the chain started at x. If µ is an invariant measure of the Markov chain, then we define the propagator P, acting on µ-integrable functions v : X → R, by
Hence P propagates functions v under the Markov chain.
To help orient the reader familiar with finite-state Markov chains {u n }, we observe that, if S is a matrix with entries
Let µ denote the (assumed positive and unique) invariant probability density, hence
with D = diag(µ). The observations (2.1) and (2. 
Db.
In the case of continuous state space we have to decide on which function space we want to study the operators T and P. For reversible Markov chains, we have the identity P = T and their self-adjointness and hence real-valued spectrum in L 2 (µ). In addition, L 2 (µ) is also the space of choice from the viewpoint of numerics. In this paper we therefore restrict our attention to L 2 (µ), whose corresponding 2-norm we denote by · µ . Note, however, that there are interesting issues that arise in this context by considering other function spaces such as L 1 (µ) and L ∞ ; see [11] .
Most of the subsequent considerations will require that the dominant part of the spectrum (that part closest to 1) contain isolated eigenvalues of finite multiplicity only, so we will need some bound on the essential spectrum of P, i.e., the part of the spectrum other than isolated eigenvalues of finite multiplicity. All reversible Markov chains in the following meet this requirement [11] ; in the nonreversible cases we simply assume that the essential spectrum is bounded away from the dominant spectrum. In the case of a continuous-time Markov process {X t }, we often fix some observation time span τ > 0 and consider the Markov chain {x n } found by sampling the Markov process at rate τ , i.e., x n = X nτ .
Metastability
For quantifying metastability, we introduce a transition probability between subsets that measures the dynamical fluctuations within the stationary ensemble µ. To be more precise, define the transition probability p(B, C) from B to C within one step as the conditional probability
where P µ indicates that the Markov process has initial data distributed as µ; hence
An invariant set C is characterized by p(C, C) = 1, while an almost-invariant or metastable set can be characterized by p(C, C) ≈ 1.
Denoting by 1 A the indicator function of the subset A, the following important relation holds:
which is a straightforward consequence of the definition of P and equation (2.3).
Identification Strategy
The basic approach employed in [5, 20] for identifying metastable conformations in biomolecular systems can now be outlined for the model (1.1) and its embedded Markov chain (1.2). Note that the sequence {q n , z n } is Markovian here, as is the embedded sequence {q n }. We will use the notation P for the propagator corresponding to the full system (1.1) and P q for the propagator corresponding to the reduced system (1.2). Similar ideas are employed for the non-Markovian model (1.3) and (1.4); indeed, algorithmically we proceed as if (1.4) is a Markov chain. In identifying metastable subsets, we employ the following algorithmic strategy:
Metastable subsets can be identified via eigenfunctions of the propagator P corresponding to eigenvalues |λ| < 1 close to the dominant eigenvalue λ = 1.
Thus there is an assumption of a separation of time scales in the Markov chain; it is manifest in a spectral gap separating eigenvalues close to 1 and the remainder of the spectrum. This strategy was proposed by Dellnitz and Junge [4] for discrete dynamical systems with weak random perturbations and has been successfully applied to molecular dynamics in different contexts [5, 7, 20] .
In what follows we give a mathematical justification for the algorithmic strategy and then follow this with two illustrative examples. Suppose that P is a self-adjoint propagator with spectrum satisfying
and ordered so that |λ j | ≤ |λ j−1 |. We assume that −1 < l ≤ r = λ 3 < λ 2 < λ 1 = 1 so that λ 2 is a simple isolated eigenvalue. Furthermore, we assume that the eigenfunction v 2 corresponding to λ 2 is normalized so that v 2 , v 2 µ = 1 and satisfies v 2 ∈ L ∞ (µ). In this setup we will obtain a decomposition into two metastable subsets; for generalizations to more than two metastable subsets, see [11] . In order to decompose X into two subsets D = {B, C}, we define the following function:
This is constant on either of the two sets B and C and is normalized to v BC 2 = 1. Under the assumptions on the propagator P stated above, we obtain the following relation between the existence of metastable subsets and eigenvalues close to 1:
If the quantity m = p(B, B) + p(C, C) is close to 2 (so that p(B, B) and p(C, C) are both close to 1), then metastability occurs. Theorem 2.1 highlights the strong relation between a decomposition of the state space into two metastable subsets and the presence of a second eigenvalue close to the dominant eigenvalue 1. The first part of Theorem 2.1 states that the lower bound on m is close to the upper bound whenever the eigenfunction v 2 corresponding to λ 2 is almost constant on the two metastable subsets B and C. This fact is exploited by the numerical identification algorithm. The second part of Theorem 2.1 quantifies this further, showing that m is close to 2 whenever (i) λ 2 is close to 1 and (ii) the gap between the second and third eigenvalue is large so that = (1 − λ 2 )/(1 − λ 3 ) is small relative to the scale set by c. However, numerical experiments indicate that the identification strategy can be successful in situations where is not small [7] .
To illustrate the identification strategy further we give two examples that generalize the preceding discussion to examples where there are two eigenvalues close to 1. Example 1. Consider the three-well potential V illustrated in Figure 2 .1 (left) with canonical invariant measure µ given by µ(d x) = ρ can (x)d x. This is the invariant density for the internal dynamics given by the Smoluchowski equation (3.3) with f = −V and βσ 2 = 2. We choose τ = 1 as the observation time span, break the state space R into a large number of finite states (intervals), and study the Markov chain {q n } given by q n = Q(nτ ).
1
Intuitively, we would expect to find three metastable subsets around the (local) minima of the potential function. The ordered spectrum of the propagator P looks as follows:
. . . Notice the large spectral gap between λ 3 and λ 4 . The first three eigenfunctions are shown in Figure 2 .2. They exhibit a very special structure: They are almost constant around the local minima of the potential function V . This structure is exploited by the algorithm in order to identify the three metastable subsets [7] . Example 2. Assume that we are given a decomposable finite-state-space Markov chain whose transition matrix S has three noncommunicating classes. The matrix S will have three eigenvalues at 1 with the remainder inside a circle of radius r < 1. The eigenvectors of S identify the three noncommunicating classes. If a small perturbation, retaining the Markov structure and inducing irreducibility, is introduced, then the spectrum of S or P features a single eigenvalue at 1, two nearby eigenvalues just less than 1, and the remainder separated from these three eigenvalues. The structure of the eigenvectors of S or P corresponding to the three largest eigenvalues will, by continuity, identify the structure of the three noncommunicating sets [7] .
When viewed in terms of the propagator P, the structure of the eigenfunctions associated with eigenvalues near 1, and alluded to in both examples, is the partition into almost constant segments. For the (ergodic) perturbed chain, the sets become metastable states: The chain will spend a long time in them before leaving; effective low-dimensional Markov behavior can be found by examining transitions between these metastable sets.
Essential Degrees of Freedom
Having in mind an identification of essential degrees of freedom, we propose the following algorithmic strategy as formulated in [7, 21] : Solve the eigenvalue problem for the propagator and the dominant eigenvectors and eigenvalues. Define the essential degrees of freedom as those directions that are orthogonal to the directions in which the dominant eigenfunctions are almost constant.
Note that for real problems of interest, an embedded SDE, or other explicit stochastic model, will not be known. The aim of the algorithms in [7, 21] is to find such a model numerically. In this paper we apply the algorithms to models where we know what the embedded stochastic model is. In the next section we exhibit model problems with the property that the embedded stochastic model is known.
Model Problems
We study the following harmonic oscillator forced system of equations with q, u j ∈ R:
The basic mechanism to derive SDEs from this setup is to choose the frequencies and the initial data for the harmonic oscillators such that the cumulative action given by
approximates either white noise or some Ornstein-Uhlenbeck (OU) process. We will either choose the frequencies as integers, when we use truncated Fourier series approximations of noise, or randomly when we use Monte Carlo approximation of Fourier integral representations of noise. In the white noise case = 0 and α plays no role. In the OU case = 1 2 and α is the inverse correlation time of the OU process. By introducing in this case we are able to scale the problem so that the temperature remains constant as α → ∞ and the colored noise problem approaches the white noise limit (see Theorem 3.3).
For initial conditions we take
denote the solution operator for the system (3.1); hence x(t) = t (x(0)).
To better reveal the basic idea of construction in the following, we rewrite the system of ODEs (3.1) as
Let q and u denote the projections of x onto the q-and u-coordinates, respectively.
Generating White Noise
Here = 0, and we consider the case where the forcing of the harmonic oscillators will be shown to approximate white noise. In this paper we will motivate the approximations we use rather informally. For theorems in this area, see [12, 14, 23, 24] . In Sections 3.2 and 3.3, the white noise approximation will be achieved in two different ways. In the first we will use truncated Fourier series, and in the second we will use Monte Carlo approximation of Fourier integrals. In both cases, the q-dynamics in (3.2) is approximated by the Smoluchowski, or high-friction Langevin, equation
For fixed τ > 0 the solution process Q(t) of (3.3) defines via time-τ sampling a (discrete time) Markov chain {Q m } given by Q m = Q(mτ ).
Markovian Case
The design of U N is based on a Fourier series expansion of white noise [12, 24] 
Note that U N (t) is a Gaussian process satisfying
This expression is proportional to a Fourier truncation of the formal Fourier cosine series for a delta function and motivates the fact that U N (t) approximates a white noise.
In view of equation (3.2), we choose the following frequencies ω j = ( j − 1) and random initial conditions for the harmonic oscillators:
with η j i.i.d. and η 1 ∼ N (0, 1). Since the frequencies ω j are rationally related and the construction is periodic, it is necessary to rerandomize the data every τ time units to avoid the periodicity inherent in such a construction. Thus, we choose the Markovian case (1.2) given by
with initial condition q 0 ∈ R and {u m , v m } m∈Z + an i.i.d. sequence of random variables distributed as (3.4) . The relationship between the two Markov chains q m and Q m is contained in the following theorem. Because a pathwise construction of Brownian motion can be built from integrals of the Fourier series for white noise, it is possible to put both Q m and q m on the same probability space (see [13] ) and hence the pathwise nature of the following theorem. Here geometric ergodicity refers to exponential convergence in time of expectations of measurable functions, bounded by quadratics, to their value under the invariant distribution. 
3). Then there exists a constant R > 1 such that
Furthermore, under the coercivity Assumption A.3 on f (see Appendix A), both Markov chains are geometrically ergodic.
PROOF: See Appendix A.
Non-Markovian Case
Now the randomly chosen initial condition of the harmonic oscillators are based on Monte Carlo approximation of the Fourier integral representation of Brownian motion (see [16, sec. 6] for related issues). Brownian motion W (t) can be written as a stochastic integral:
where B is a standard Brownian motion. To see this, note that W (t) is clearly a Gaussian process and that
A calculation with, for example, Maple will show this is true. This motivates trying to approximate the following formal expression for white noise:
Here B is a standard Brownian motion. Truncating the integral to [0, N a ] and choosing N frequencies at random with average spacing N a−1 leads to the approximation
with frequencies
for some a ∈ (0, 1). It will be convenient to introduce the i.
Thus U N has autocorrelation which is a Monte Carlo approximation to a truncation of the formal Fourier cosine integral for a delta function; this motivates the fact that U N (t) approximates a white noise.
In view of equations (3.2) and (3.7), we choose the random initial conditions
for the harmonic oscillators. The resulting approximation is not periodic and hence is valid on any time interval. We are in the non-Markovian situation (1.4) given by
with initial condition q 0 ∈ R and random data given by (3.8) and (3.9). In the Markovian case considered earlier, the approximation is strong (pathwise). For the non-Markovian approximation we are considering here, weak convergence in C([0, T ], R) is natural [1] . The relationship between the process q t and the Smoluchowski Markov process Q(t) defined by (3.3) is contained in the following theorem. Here q is defined on the probability space determined by the random initial data; the frequencies are considered fixed in the sense that the convergence is almost sure with respect to the sequence ν, which then determines the frequencies. The solution of the SDE, Q, is defined on the space of Wiener paths driving it. PROOF: This can be proven by adapting the methods in [14] ; see also [23] .
Although this approximation result holds for any T > 0, we anticipate that the rate of convergence deteriorates with the length of the time interval [0, T ] being considered. However, numerical and analytical evidence for related problems (see [14] ) suggests that q t generates an empirical measure and autocorrelations that are close to those of the Smoluchowski SDE (3.3) (under appropriate conditions on f , such as those given in Assumption A.3).
Generating Colored Noise
Here = 1 2 and we consider the case where the forcing of the harmonic oscillators approximates an Ornstein-Uhlenbeck process:
where B is a standard Brownian motion. The process U (t) is Gaussian and
A calculation with, for example, Maple will reveal this fact. Thus U (t) is the nonstationary Ornstein-Uhlenbeck procesṡ U = −αU + √ αẆ , U (0) = 0 . As a consequence, the dynamics in (3.2) is approximated by the system of firstorder SDEs (3.12)Q = f (Q) + σ √ αU ,U = −αU + √ αẆ . Note that sampling Q does not give a Markov chain. It is necessary to sample (Q, U ) together to obtain a Markov chain. For later use we transform the system of first-order SDEs into a stochastic integral differential equation (SIDE) for Q alone. This is done by solving for U and inserting the result into the Q equation. As a result, we get the SIDE
Here the integral term represents the memory effects of the system, which are related to the correlation time α . The effect of memory is more pronounced for small α and disappears as α → ∞; we investigate the ramifications of this fact in our experiments. The following theorem is important in this regard. The proof is a straightforward application of the theory in [15] ; see also [17, sec. 4.5] . The process Q found by projecting the solution of the SDE (3.12) and the process Q given by the SIDE (3.13) are identical. We comment further on this in Section 6. 
Non-Markovian Case
We find ODEs that are approximated by the SDE (3.12) as follows. By techniques similar to those in [14] and [23] , we find the following Monte Carlo approximation of the Fourier integral representation of the Ornstein-Uhlenbeck process U in (3.11) gives (3.14)
and random initial conditions
with η k i.i.d. and η 1 ∼ N (0, N a−1 ) for the harmonic oscillators. As before, the resulting approximation is not periodic and hence is valid on any time interval. We are in the situation (1.4) of a long-term simulation given by (3.17) q(t) = q t (q 0 , u 0 , v 0 ; w) with initial conditions q 0 ∈ R and random data given by (3.15) and (3.16) . For the following theorem we have the same probabilistic setting as for Theorem 3.2. PROOF: Modifying the techniques in [14] (see also [23] ) shows that U N from (3.14) converges weakly to U given by (3.11) in C([0, T ], R). Since the mapping from U N to q in (3.2) is continuous from C([0, T ], R) into itself, the result follows.
Theoretical Analysis of Models Problems
In this section we want to study the spectral relation between the propagators P and P q defined in terms of the Markov chains x n and q n , respectively. We address (Q1) by showing that, in certain situations for the model problems under consideration, the transfer operator in X has eigenfunctions that are approximately constant in the Z -coordinate, thereby identifying the space as containing the essential dynamics. These situations occur when the dynamics in is metastable so that the transfer operator in has eigenvalues close to 1.
Recall that the Markovian model systems arise from a Markov chain for
Note that due to the random choice of ξ n , the transition function is actually independent of its second variable. Denote by µ the (assumed unique) invariant probability measure of p, i.e., p(q, z, M)µ(dq, dz) = µ(M). Embedded within the Markov chain x n is the reduced Markov chain for {q n } n∈Z + given by q n+1 = q τ (q n , ξ n ) (see equation (1.2) ), where q : X → denotes the projection onto . Denote the corresponding stochastic transition function by p q = p q (q, A), where
Denote the invariant probability measure of p q by µ q . The following two relations hold:
(1) The stochastic transition functions obey
for arbitrary z ∈ Z, A ∈ B( ), and B ∈ B(Z ), and (2) the invariant measures satisfy (4.1) µ q (A) = µ(A × B) for arbitrary A ∈ B( ) and B ∈ B(Z ). The independence of p in its second component z implies the following spectral relation between the two propagators P and P q associated with the full and reduced Markov chain, respectively.
THEOREM 4.1 Suppose that the transition function p
is independent of its second variable. Consider the propagators P :
. Then (i) every eigenfunction ψ of P gives rise to an eigenfunction φ of P q that corresponds to the same eigenvalue and obeys φ = E q [ψ] with
(ii) if φ is an eigenfunction of P q corresponding to the eigenvalue λ, then λ is also an eigenvalue of P corresponding to an eigenfunction ψ that satisfies
Hence, whenever λ is close to 1, the associated eigenvector of P approximately has the form φ ⊗ 1 Z .
PROOF: See Appendix A.2.
Thus, within a Markovian setting, the dominant eigenvectors of P q correspond to eigenvectors for P with the same eigenvalues and that are almost constant with respect to the harmonic oscillator coordinates. Theorem 4.1 hence shows that, for our Markovian model problems, the algorithms we are studying uniquely determine the q-coordinate as essential. This addresses question (Q1) posed in the introduction for Markovian systems as it shows that, in principle, the transfer operator can be used to identify . We re-emphasize, however, that practical implementation of the transfer operator approach to the identification of essential coordinates may be computationally infeasible if naively applied directly in X (cf. comments in the introduction). We also emphasize that the above theorem makes no statements about the behavior of the transfer operator approach in X for non-Markovian simulations.
Numerical Study of Model Problems: White Noise Case
In this section we study the spectral properties of the Markov chain {Q m } = {Q(mτ )} found by sampling the Smoluchowski SDE (3.3), and compare them with spectral properties of the (case 1) Markov chain {q m } from (3.5) and the (case 2) non-Markovian stochastic process {q m } obtained from a long-term simulation of (3.10). In both cases the sequence {q m } is approximated by the sampled solution of the SDE; hence it is of interest to understand how this approximation property manifests itself in the spectral properties of propagators. This goes to the heart of the numerical algorithm used in macromolecular modeling.
We will assume that the SDE is ergodic and use ρ can to denote the density of the invariant measure for this SDE. We will use ρ fd to denote the approximation to ρ can found by finite difference approximation of the generator, and ρ emp to denote empirical approximation of ρ can through sampling of a single trajectory of an SDE or a stochastic process that it approximates.
For both the underlying SDE and the sequence generated in cases 1 and 2, we discretize phase space into a finite number of boxes (actually intervals here). In the first subsection we approximate the generator of the process directly on this finite partition, enabling us to study the effective dynamics of the SDE without the effect of sampling. Then, for both the SDE and for cases 1 and 2, we study a single longterm simulation and use an Ulam-like discretization to calculate a flipping chain on the set of boxes. In case 1 we know from Theorem 3.1 that, under appropriate conditions on f , (3.5) is an ergodic Markov chain and the existence of the propagator follows from this; thus we might expect similar properties for the Ulam-like approximation found by discretizing phase space. In case 2 we have less underlying theory-the sequence does not even come from a Markov chain; nonetheless, we proceed algorithmically as if the sequence q m were generated by an ergodic Markov chain. This is reasonable because the sequence is weakly approximated by solving an SDE (Theorem 3.2).
We write f (q) = −V (q). The Smoluchowski Markov process Q t solving the SDE (3.3) is itself geometrically ergodic, as are the Markov chains Q n found by sampling it at rate τ > 0. The SDE and its embedded Markov chains have invariant measure µ given by, for
We numerically investigate the essential dynamical behavior of the harmonic oscillator forced model problem (3.1), in both cases 1 and 2, and compare this dynamical behavior to that of the limit SDE approximating them. Hence, we compare the corresponding metastable subsets and the flipping chain defined on them. In all numerical simulations we choose β = Figure 5 .1 (left); Figure 5 .1 (right) shows the induced invariant density. We take τ = 0.5 as the observation time span.
Smoluchowski Limit Equation
We start by analyzing the limit Smoluchowski equation directly because this enables us to quantify errors caused by replacing R with a finite number of boxes and errors caused by statistical sampling. Specifically, by comparing ρ can , ρ fd , and ρ emp , we can quantify these errors. Recall that the propagator P τ admits an infinitesimal generator in L 2 (µ), i.e.,
(Because the Markov process (3.3) is reversible, this is also the generator for the transfer operator T in this case.) It is well-known that the canonical density ρ can (see (5.1)) is invariant for the Smoluchowski Markov process, that is, L * ρ can = 0. Note that since β = 2/σ 2 , we have σ = . We discretize the generator L by means of second-order finite differences. The L 1 (dx)-error between the finite difference approximation of the invariant density of L * , ρ fd , and the analytic solution ρ can , as a function of the number of grid points, is shown in the following This table clearly shows second-order convergence in the number of grid points. Furthermore, it is clear that the first three eigenvalues γ 1 , γ 2 , and γ 3 of L are well approximated with as few as 250 grid points. Note that γ 1 = 0 in all cases. We have exponentiated the eigenvalue for direct comparison with eigenvalues of the propagator P τ = exp (τ L). Figure 5 .2 shows the structure of the eigenfunctions associated with the three leading eigenvalues. The piecewise constant structure of the second eigenfunction, together with the spectral gap between the second and third eigenvalue, indicates the presence of an embedded 2-state flipping chain. Now we approximate the propagator P τ by using a single realization of the Smoluchowski process sampled at rate τ = 0.5. Recall that the propagator is constructed by using the maximum likelihood estimator (see Section 2). This allows us to study the influence of stochastic errors on the discretization. The L 1 (dx)-error between the empirical approximation to the invariant density ρ emp of P τ and the Here and below, the integer L is the number of samples in time used to approximate the transition probabilities. The number of boxes used is 30.
The next table shows the convergence of eigenvalues λ k and eigenfunctions u k of P τ , the latter measured in the L 2 (µ)-distance to the eigenfunction h k obtained from resolved finite difference approximation of the generator, as a function of the number of samples; note that we thus compare the λ k with exp(τ γ k ). 
ODEs with Random Data: Markovian Case
Now we compare the effective dynamical behavior of the harmonic-oscillatordriven system in the Markovian sample case (3.5) with the effective dynamical behavior of its limit Smoluchowski SDE (3.3) .
For the experiments shown in the table below, the number of samples used is L = 3 × 10
5
. The integer N denotes the number of harmonic oscillators. The number of boxes/intervals used is 30. Now the u j are eigenfunctions of the propagator for the oscillator-driven system calculated from a single sample path in time; λ j are the corresponding eigenvalues. Now let ρ Smo denote the canonical density corresponding to the Smoluchowski SDE (3.3), and h j the eigenfunctions of the finite As an aside it is noteworthy that, even for a very small number of oscillators (five or ten), the metastable sets and the flipping chain is approximated by the analogous dynamics for the SDE; see Figure 5 .3 for further confirmation of this. For example, in the case N = 5, the 2 × 2 stochastic matrix for the flipping chain is S = 0.9471 0.0529 0.0290 0.9710 , which is reasonably close to that for the SDE limit, namely (5.3).
The form of constant-temperature molecular dynamics introduced in [19] is precisely of the above analyzed Markovian type: The momenta are periodically randomized according to the canonical distribution and a Markov chain in the position variables is thereby constructed. The experiments herein lend considerable weight to the methodology proposed in [19] .
ODEs with Random Data: Non-Markovian Case
We carry out a similar analysis to that in the previous subsection, but now using the non-Markovian construction (1.4). Recall that we now take q n = q(nτ ) and study how well the metastable subsets and corresponding flipping chain resulting from the non-Markovian process can be approximated by those of the Smoluchowski process.
The approximation of the propagator P τ is now based on a single long-term simulation of (3.10) for a = ( ) and sampled at rate τ = 0.5. 2 The choice a = 1 3 is optimal for minimizing the difference from the SDE limit in this kind of approximation; see [14] for justification. As in the Markovian case, the metastable decomposition of the state space is the same for all N and coincides with the metastable decomposition resulting from the Smoluchowski dynamics. It is important to realize that this table is generated by means of an algorithm which assumes that its input data, i.e., a sequence in discrete time, is Markovian. In this case the data {q m = q(mτ )} is not Markovian, although q(t) weakly approximates an SDE for N large (Theorem 3.2). Nonetheless, the algorithm correctly identifies the metastable subsets and the corresponding (Markovian) flipping chain from a single sample path of an ODE in R 2N +1
, with random initial data and parameters. This is further manifest in the eigenfunctions of the numerically generated transfer operator, which are shown in Figure 5 .4 and which should be compared with those of the SDE itself in Figure 5 .2. Notice the good agreement, even for quite small N , for the second eigenfunction; it is this eigenfunction that is used to partition state space. This gives an answer to the question (Q2) of the introduction in the non-Markovian case. Again, as in the Markovian construction in the previous section, the results are positive and lend weight to the ability of the algorithm to correctly identify macroscopic stochastic dynamics, in this case on the basis of a single long-term simulation of an ODE.
Numerical Study of Model Problems: Colored Noise Case
In this section we carry out numerical studies similar to those of the white noise case, but in the case where the driving noise is colored. Thus memory is significant. In this case the limiting dynamics that approximates our data solves the SIDE (3.13) or, equivalently, the Q part of the system of SDEs (3.12). We study spectral properties, metastable subsets, and resulting flipping chains corresponding to the SIDE/SDE itself in Section 6.1 and compare them to those of the reduced harmonic-oscillator-driven process (3.17) in Section 6.2. Both these subsections are aimed at studying an algorithm that is predicated on the assumption of Markovian input data in the case where the data has memory. It is of interest to know how this memory is manifest in the transfer operator approach. In Section 6.3 we study the transfer operator approach in (Q, U )-space in order to show when, and how, the effect of memory is apparent. Throughout this section the choice of the potential V is as in the previous section.
Limit SIDE/SDE
We approximate the propagator P τ corresponding to the SIDE (3.13) based on a single realization sampled at rate τ = 0.5. As in previous numerical experiments, we choose σ = points. We analyze the system for different correlation decay rates α = 1, 6, 10, 20. To circumvent the (numerical) problems involving the memory term of the SIDE (3.13), we exploit the relation between the SIDE and the system of SDEs (3.12) and sample the SDE in (Q, U ) at rate τ = 0.5, projecting the result onto Q: The first set of experiments (i) are thus based on the transfer operator approach applied to data found by projecting onto the Q-coordinate; we also study a second set (ii), conducted by applying the transfer operator approach to the pair (Q, U ).
The following table gives information in case (i): We study the SIDE for different values of α and compare the results with those found from the Smoluchowski SDE that approximates it in the limit α → ∞ (see Theorem 3.3). The decomposition of the state space due to the second eigenfunction (see Figure 6 .1) is given by = (−∞, 0.13] ∪ (0.13, ∞), and is the same for all values of α chosen. The table clearly shows the convergence of the SIDE process to the Smoluchowski process for increasing α. Recall that the process obtained from sampling the SIDE is not Markovian; nonetheless, the flipping chains derived by assuming that the data is Markovian approximate the Smoluchowski flipping chain for large α. This reflects Theorem 3.3. We observe qualitatively similar, but quantitatively different, behavior in case (ii): We discretize the propagator P τ for the system of SDEs in (Q, U ). We obtain the following dominant spectrum of P τ in dependence on α: 
ODEs with Random Data: Non-Markovian Case
In this section we study the reduced dynamics of the harmonic-oscillator-driven ODE (3.17) for increasing numbers N of harmonic oscillators and compare it to the dynamical behavior of the approximating SIDE-case (i) in the previous subsection. We focus on analyzing the effects of memory incorporated in the system via the decay rate of correlation α. To do so, we exploit long-term simulations according to equation (3.17) with a = We start by studying the case α = 1.0. As in the white noise case, eigenvalues and eigenfunctions of the propagator corresponding to the reduced ODE with random data are compared in the L 2 (µ)-norm to those of the limit dynamics, in this case the dynamics of the SIDE. Here, the function ρ SIDE denotes the canonical density corresponding to the SIDE, which we find empirically. We observe that, despite memory effects, the eigenvalues, metastable subsets, and resulting finite-state-space Markov chains produced by the algorithm applied to the ODE (projected) and the limit SIDE are quite similar.
In the next table we study the case where the correlation decay is much faster (α = 10.0): The approximation of the eigenfunctions of the limit SIDE is better than in the case α = 1.0; see also Figure 6 .2. However, the transition probabilities of the two-state Markovian flipping chain are close to those of the limit SIDE for both values of α.
The two cases α = 1 and α = 10 both give positive insight regarding question (Q2) in the introduction. Although neither the reduced process nor the limiting process is Markovian, the eigenvalues, metastable subsets, and resulting finitestate-space Markov chains corresponding to either process, and analyzed via the corresponding propagators, are very similar. In the data presented so far the effect of memory is only seriously manifest in the relatively poor approximation of the third eigenfunction of the transfer operator in the case α = 1.0, at least when compared to the case α = 10.0. We conjecture that the value of N necessary to obtain good approximation of the ODE dynamics by the limit SIDE is higher for small values of α. It is important to realize that in treating the limit SIDE as Markovian, which is how the final column (SIDE) is obtained in the preceding tables, we are committing a serious error-for α small this may lead to bad approximation of the effective behavior of the full system. The predictive capability of a Markovian approximation of the SIDE is likely to be severely compromised when α is not large. It is natural to ask, therefore, how this breakdown is manifest in the transfer operator approach and how it might be addressed. In the next section we indicate a manifestation of this issue. Developing the algorithm in order to deal with it will be the subject of further research.
ODEs with Random Data: Memory and the Transfer Operator Approach
In the previous subsection we studied eigenfunctions of the empirical transfer operator constructed by observing time series in R generated by the ODE system (3.1). We end up with the flipping chain identified above; this chain is close to that which is found based on observation of the SIDE (3.13), i.e., the correct Markovian limit behavior given by (3.12) projected onto the q-variable alone. However, these empirical transfer operators assume that the data is generated by a Markov chain, an assumption far from being true when α is not large. In real applications it is quite possible that such situations arise: The projected dynamics may have memory.
To illustrate how memory is manifest in the transfer operator approach, it is instructive to compare the eigenfunctions of the empirical transfer operator in R for (3.1) with those of the SDE (3.12) in R
2
. In the latter case the observed time series in R 2 do result from a Markov chain, and it is of interest to ask whether (i) the resulting metastable sets and (ii) the resulting effective dynamics are substantially different.
The eigenfunctions for (3.12) are functions of two independent variables. Figure 6.3 shows the second eigenfunction for α = 1.0, 6.0, 20.0; the gray scale indexes constant-amplitude contours in the eigenfunction. Recall that our transfer operator approach to identifying essential dynamics exploits near constancy of the eigenfunctions. Figure 6 .3 shows that for α large, when memory is negligible, partition of the state space on the basis of Q alone is reasonable-the eigenfunction is nearly constant in the U direction. For α smaller, however, it is clear that the natural decomposition requires knowledge of Q and U . Indeed, the natural decomposition into two states appears to be across the line a Q + bU = c (approximately). This indicates that, if observation of both Q and U were available (equivalently both Q andQ), the transfer operator methodology might produce significantly different results when memory is present. An investigation into the role of higher-order Markov models is therefore called for.
An important issue in this regard is the sampling rate relative to the correlation time of the noise. For a specific τ * chosen such that ατ * is large enough, the limit dynamics in q as given by the SIDE (3.13) resembles a Markov process. For such a τ * , the flipping chain based on time-τ * samplings in q perfectly describes the statistics of flips between metastable sets on that time scale. Is it therefore natural to ask whether we should be content with studying the empirical transfer operator constructed by observing τ * -time series in R generated by the ODE system (3.1)? We believe that the effective dynamics of the system should provide information about the family of flipping chains for the full range of sampling times τ . The effective dynamics is two-dimensional here, and the transfer operator approach will need to be extended to incorporate the memory effects in an optimal way.
Conclusions
The transfer operator approach for extracting the macroscopic dynamics of complex systems is an exciting new tool that has potential application in a variety of fields. The methodology has been applied in a variety of situations, and it is well motivated from a variety of standpoints. However, this is the first attempt to develop a rigorously founded systematic evaluation of the algorithm with respect to the problem of identification of, and projection onto, essential degrees of freedom in complex problems. We have done this by proposing a number of model problems, all motivated by the Kac-Zwanzig approach to the construction of a heat bath through harmonic oscillators. In these problems an ODE with random data, when projected onto a low-dimensional subspace, is approximated by an SDE. The work of Section 5, and to some extent Section 6, gives significant weight to the transfer operator algorithm, showing that it can correctly identify the essential degrees of freedom, and the corresponding finite-state-space Markov chain, embedded within some ODE of high dimension.
There are a number of directions for future development of this subject. The first is to study the effect of memory, touched upon in Section 6. The basic question here is whether we can use higher-order, or even hidden, Markov models to elucidate structure, such as that manifest in Figure 6 .3, to derive increased predictive power for the transfer operator approach. The second direction for development is the study of Hamiltonian model problems, of the type proposed by Kac-Zwanzig, rather than the simple oscillator-driven problems considered here. A third direction is to develop new model problems more general than those of Kac-Zwanzig type to shed light on other problems in molecular dynamics and on problems outside this domain of application. N (0, 1) . Define e to be the vector (1, 1, . 
This gives a continuous approximation to Brownian motion on any time interval based on the fact that
is a standard Brownian motion. Thus a Fourier sine series construction on [0, π) can be repeated on [mπ, (m + 1)π) by using a new set of independent random variables.
The following theorem extends a result from [2] for t ∈ [0, π) to the arbitrary intervals considered above. The techniques of proof are based on ideas in [12, 13] . Recall that q 1 = z(π). A little thought shows that it is possible to choose η * 0 such that q 1 = 0. By choosing (η 0 , η 1 , . . . , η N ) to be in an -neighborhood of (η * 0 , 0, . . . , 0), we can ensure q 1 ∈ B(0, δ). Since the η j 's are Gaussian, this event has positive probability and we are done.
In case (A.9) the result is proven by choosing the set of Brownian paths W close in the supremum norm topology to a control U such that Since the right-hand side is also identical to P(E q [ f ] ⊗ 1 Z )(y, z)µ(dy, dz), we find that
This formula has two useful implications. First, inserting the decomposition (B.2) into (B.3) yields that (B.4) Pδ f = 0 , i.e., δ f ∈ ker(P) , for any function f . Second, the definition of
implies that (B.5)
As a consequence, every eigenvector ψ of P implies an eigenvector E q [ψ] of P q corresponding to the same eigenvalue, since
Hence, assertion (i) is proved. In order to show assertion (ii), we assume that g ∈ L 2 (µ q ) is a normalized eigenvector of P q , i.e., that P q g = λg with g µ q = 1. By denoting
we observe that (B.5) implies E q [h] = E q [P(g ⊗ 1 Z )] = P q g = λ g such that (B.6) h = λg ⊗ 1 Z + δh .
Since Pδh = 0 due to (B.4), we immediately have that h is an eigenvector of P for the eigenvalue λ:
Thus, to finally prove assertion (ii), we have to show that δh 
